It has been argued that a magnetic eld which is initially continuous and is line-tied to rigid boundaries in a continuous manner cannot develop tangential discontinuities or current sheets. This would appear to have many consequences in those theories of reconnection and coronal heating which are based on the existence of such current sheets. It is shown here that while the non-existence of current sheet may hold in a strict sense it is possible for simple magnetic geometries to spontaneously develop current layers of nonzero thickness which are indistinguishable, in a practical sense, from genuine current sheets. The thickness of these layers can easily be more than six orders of magnitude smaller than the apparent length scale of the initial equilibrium. We suggest that numerical magnetohydrodynamics simulations have encountered such features, but lacked su cient resolution to distinguish them from current sheets. Turbulent motion of photospheric footpoints will generate this type of current layer in about one eddy turn over.
Introduction
There has been a great deal of interest in the question of whether a line-tied magnetic eld which is initially smooth can develop a tangential discontinuity. A tangential discontinuity is a two dimensional surface, also called a current sheet, across which the tangential component of the magnetic eld is discontinuous while the normal component is continuous. Since the sheet carries a nite current, proportional to the jump in the tangential magnetic eld, yet has zero thickness, the current density must be in nite at the sheet. Parker (1972) rst proposed that tangential discontinuities develop in a magnetic eld which is deformed in such a manner as to break its symmetry. More precisely, the current sheets would develop if there were no plasma resistivity, or other e ect, which could regularize the magnetic eld. In the presence of some small resistivity, however, there would be a current layer of nonzero thickness, where the current density was extremely large, but not in nite. This large current density would be give rise to strong, localized Ohmic dissipation; Parker proposed this dissipation as a low frequency mechanism of coronal heating.
To demonstrate the development of current sheets in ideal magnetohydrodynamics (MHD) Parker proposed a simple model. In it the magnetic eld is initially uniform and anchored at both ends by perfectly conducting planes representing the photosphere. The requirement that the eld remain frozen into the conducting boundary is termed line-tying. The footpoints of the eld lines in one of the planes are then moved around in a spatially continuous manner. If this is done slowly enough the magnetic eld will seek to remain in equilibrium. Parker claimed that eld lines tangled with su cient complexity were incapable of nding a continuous equilibrium, and therefore must develop current sheets. This claim was later challenged by several authors (Van Ballegooijen, 1985; Antiochos, 1987; Zweibel and Li, 1987) .
The most serious objection to the current sheet hypothesis was raised by Van Ballegooijen (1985) . In Parker's model the magnetic eld lines induce a mapping from one conducting plane to the other. If the velocity eld at the end is spatially continuous then this mapping will evolve, but always remain spatially continuous. Van Ballegooijen claimed that a discontinuous magnetic eld is incompatible with the continuous nature of the eld line mapping. While it is quite well established that discontinuous magnetic equilibria are possible in ideal MHD, the point at issue here is whether it is possible to evolve to such an equilibrium beginning from a continuous magnetic eld while maintaining all the constraints imposed by line-tying.
In two dimensional ideal MHD examples of spontaneous current sheet development are o ered by the internal kink mode (Rosenbluth et al., 1973; Park et al., 1980) and by the island coalescence instability (Finn and Kaw, 1977; Longcope and Strauss, 1993) . Each of these cases begins with an initially continuous magnetic eld which is in equilibrium, but which is dynamically unstable. If perturbed the eld evolves toward a second equilibrium which has lower magnetic energy. In both cases it has been established that this second equilibrium contains genuine current sheets.
Each of these two dimensional examples can be generalized to three dimensions by the introduction of line-tying at two conducting planes; giving the very geometry proposed by Parker. Although the line-tying does not e ect the initial equilibrium, it does change the form of the linear instability, the nonlinear dynamics and the nal equilibrium. The question which we will address here is whether the nal equilibrium in the line-tied case has genuine current sheets as it would in the (two dimensional) case without line-tying.
There have been recent numerical investigations of both the line-tied internal kink mode (Mikic et al., 1990; Craig and Sneyd, 1990 ) and of the line-tied island coalescence instability (Longcope and Strauss, 1994) . These investigations show very intense current features appearing at locations which are not inconsistent with the genuine current sheets in the corresponding two dimensional cases. However, each of the simulations has some smallest resolved scale which makes it di cult to conclusively distinguish between a genuine current sheet and an intense, but ultimately continuous, current layer. It is not immediately clear what would set the scale of a nite thickness current layer, therefore it is not clear whether a simulation has adequate resolution. It is possible, however, to use analytical techniques to estimate this thickness.
For concreteness this work will focus on the case of the coalescence instability and on the investigations of Longcope and Strauss (1993b) . Since we are only interested in the form of the nal equilibrium, and not in the intervening dynamics, our choice serves simply to de ne the speci c the line-tying constraint. We will use an adaptation of Van Ballegooijen's original argument (Van Ballegooijen, 1985) to show, in Sec. 3, that this line-tying constraint is inconsistent with a genuine current sheet. Furthermore, in Sec. 4, we will show that the line-tying constraint de nes an intrinsic thickness for the current layer. This thickness depends on the distance, L, separating the conducting axial boundaries. In the limit L ! 1, where the two dimensional case without line-tying is recovered, the intrinsic thickness of the current layers vanishes, implying genuine current sheets. At the value of L used in the numerical simulation the intrinsic current layer thickness is ve orders of magnitude smaller than the initial island width; a scale much too small to have resolved.
In the case of the coalescence instability the current layers form along those eld lines which correspond to X-points in two dimensions. Strictly speaking the introduction of line-tying completely destroys the concept of an X-point; nevertheless the observed current concentrations occur at these very same locations. We suggest that the fundamental reason for this is the severe distortion in the line-tying constraint at these points. In addition we would like to introduce the possibility that such intense current layers are ubiquitous features of Parker's MHD model. Showing conclusively that almost any magnetic eld, when stressed by slow continuous motions at its boundary, will develop intense internal current layers (while never developing genuine tangential discontinuities) is a result, in our opinion, of signi cant import to the understanding of MHD systems. We do not, however, attempt to prove such a general statement in this work. Rather we will show that such current layers do form in one particular case, related to the line-tied coalescence instability, which can be studied analytically in some detail. This study indicates that the crucial factor determining the intensity of the current sheet is the severity of the distortion in the eld line mapping. Furthermore, such sever distortions will be shown, in Sec. 5, to be generic features of almost all continuous boundary motions. While this does not prove the point it does suggest that intense current layers may also be a generic consequence of the process originally introduced by Parker.
Granted this possibility we go on to show that such layers are expected to develop within several eddy turnovers of the boundary motion. Furthermore, we show that the the time required to develop a current layer su ciently narrow to di use resistively is almost independent of the value of resistivity present. This rapid development of small scales and virtual independence of resistivity has exactly the same consequences for coronal heating that Parker originally proposed, despite the lack of genuine tangential discontinuity.
The model
Because Parker's model begins with a strong uniform magnetic eld many investigators (Van Ballegooijen, 1985; Zweibel and Li, 1987; Strauss and Otani, 1988; Longcope and Sudan, 1992) have found it natural to explore its consequences using equations of reduced MHD (Strauss, 1976) . Although, the numerical simulations which most directly motivate this work, (Longcope and Strauss, 1994) , use full MHD; they none the less satisfy the reduced scaling.
Reduced MHD is a self consistent approximation of the full MHD equations for situations in which one component of the magnetic eld, (B z ), is much stronger than the others and in which the variations of all quantities are comparably slower in that direction than in the others. If the domain has a length L in theẑ direction and there is some characteristic length scale a in the other two directions (hereafter referred to as the perpendicular directions) then the appropriate ordering is a L. The strong component of the magnetic eld is taken to be uniform: B z = B 0ẑ . This allows the entire magnetic eld to be written in the form B = B 0 (ẑ + rA ẑ) ; (1) where A is the ux function, which is proportional to theẑ component of the magnetic vector potential. The ux function depends on all three coordinates, although it generates only the perpendicular components of the magnetic eld.
In addition to the ordering of the aspect ratio, L=a 
The solution to Eq. (5) . Since Eq. (5) involves the magnetic eld in the form A(x; y) the mapping itself depends on A. If the magnetic eld changes in time then it is also possible for the mapping to change.
We would like to consider the evolution of a magnetic eld subject to an ideal MHD instability. At time t = 0 we will take the magnetic eld to be a force-free equilibrium, A 0 (x; y; z). To be an equilibrium A 0 must satisfy Eq. (3). One choice of such a function; one which does not depend on z is A 0 (x; y) = A sin( x=a) sin( y=a) : (6) This is the equilibrium, consisting of a doubly periodic array of current channels, used by Longcope and Strauss (1993a, 1993b it is quite easy to verify that this satis es the equilibrium equation. Contours of A 0 (x; y) follow the projection of the magnetic eld lines; these are shown in Fig. 1 .
The velocity eld is initialized with some small perturbation out of which an ideal linear instability develops. We will not be directly concerned with the equations of reduced MHD which de ne the self-consistent time evolution of the plasma velocity, v, and the magnetic potential A(x; y; z). For a detailed description the reader is referred to Longcope and Strauss (1993b) . It is su cient for present purposes to remark that this evolution is ideal in the sense that the plasma resistivity is zero; this means that the magnetic eld lines are frozen into the plasma. In addition no-slip boundary conditions are imposed on the planes z = 0 and z = L. Since the plasma is held xed on these boundaries, and the magnetic eld is frozen to the plasma, this means the footpoints of each eld line are held xed there; this is de ned as line-tying. Finally, we consider some mechanism, such as viscosity, whereby the bulk uid motion can be dissipated over time. After a su cient period of time the magnetic eld will settle into a new, force-free equilibrium, which will be denoted A 1 (x; y; z). In two dimensions, which corresponds to the L ! 1 limit of the line-tied case Longcope and Strauss (1993a) were able to give a semi-analytic formulation of the nal state. This equilibrium eld consists of a doubly periodic array of islands, like A 0 (x; y), but with pentagonal rather than square islands. Furthermore there are line segments along which r ? A(x; y) is discontinuous; these correspond to tangential discontinuities in the magnetic eld. Each line segment is terminated at both ends by a Y-point, and the eld at the discontinuity locally resembles that of the equilibrium current sheet given by Syrovatskii (1971) .
Unfortunately, we cannot exhibit an expression for the nal state of the magnetic eld, A 1 (x; y; z), when the axial length, L, is nite. However, it is possible to describe its properties. Since it is an equilibrium the nal state, A 1 (x; y; z), must satisfy Eq.
(3). Since the magnetic eld evolved, between the time t = 0 and t = 1, according to equations of ideal MHD, the magnetic eld lines have remained frozen into the plasma. During this entire evolution the endplanes of the domain, z = 0 and z = L have been held perfectly xed. So although we do not know where the eld lines are at t = 1, we do know that they must begin and end in the same places they did at t = 0. This is to say that the eld line mapping, x L ? (x 0 ? ), induced by A 1 (x; y; z) must be identical to the one induced by A 0 (x; y), for every point x 0 ? . Thus the eld line mapping is a kind of boundary condition on the equilibrium equation, (3), and there appear to be two solutions, A 0 (x; y; z) and A 1 (x; y; z), which satisfy it. This is a bifurcated equilibrium.
We cannot show rigorously that a such second equilibrium solution to (3), consistent with the boundary conditions, actually exists. Rather, we appeal to an intuitive argument by considering long time dynamical evolution in the presence of viscosity, but without resistivity. The total energy, magnetic plus kinetic, of the system cannot increase since there is no energy input. In fact the total energy will decrease, due to viscous dissipation, until the plasma ow has ceased. At this point the eld must be in equilibrium (or else there would be ow) and its magnetic energy must be less than that of the initial equilibrium (since some energy was viscously dissipated). This new equilibrium state is the one we denote A 1 (x; y; z). By appealing to ideal evolution we have not ruled out the possibility that A 1 (x; y; z) contains tangential discontinuities, however, we will show below that such features are inconsistent with the boundary conditions which the solution must satisfy. Thus, it would seem that a second equilibrium must exist and that it must be continuous. 
The second coordinate of the mapping, y L , can be determined from the relation is independent of the domain aspect ratio, L=a. Dynamical simulations (Longcope and Strauss, 1994) . This is equivalent to mapping a uniform square grid from the plane z = L, back to the plane z = 0. Thus the apparent sense of rotation at a cell center is opposite to the helicity of that cell.
which is known to be unstable (Longcope and Strauss, 1993) . The length L = L cr simply separates the stable short cases from the unstable long cases. For present purposes the exact value of L cr is not crucial, so expression (12) will be used.
One signi cant feature of the eld line mapping, (7) and (10), is that it is contin-
. This is to be expected since it arose from the solution of a non-singular di erential equation, (5), with continuous coe cients. The Jacobian matrix of this mapping is
Since the mapping is continuous its Jacobian must be bounded. Furthermore, since both magnetic elds, A 0 (x; y) and A 1 (x; y; z), must have the same eld line mapping they must also have the same Jacobian. This being the case we will proceed to show that the eld A 1 (x; y; z) cannot have a tangential discontinuity. 
and all derivatives are evaluated at the point, x ? (z). Since the partial mapping to z = 0 is the identity, its Jacobian is the identity matrix, I:
The the tangent matrix, T (z), is manifestly traceless, therefore the Jacobian, J z , will have unit determinant. This also follows from the fact that the original mapping,
x L ? (x 0 ? ), de ned by Eq. (5), is area preserving. We will now consider the eld line mapping which would be induced by the magnetic eld A 1 (x; y; z) if it had a genuine current sheet. We will do this by rst considering magnetic elds with current layers of nite thickness, a. The eld line mapping, and its Jacobian matrix, J L , can be approximated in the vicinity of this current layer. It is then possible to pass to the limit, ! 0, to nd the mapping induced in the presence of the current sheet. The current density, inside the nite thickness current layer, will have some large value J = B= , where B is a perpendicular magnetic eld strength typical of the initial equilibrium: B A=a. This assumes that the magnetic eld is not locally enhanced near the current sheet. The singular equilibria found by Longcope and Strauss (1993a) in two dimensions satisfy this assumption. Indeed, a general analytical form for an equilibrium current sheet was given by Syrovatskii (1971) ; here the magnetic eld strength adjacent to the current sheet is no larger than that of the external eld. Some eld strength enhancement, called ux pile-up, is observed in numerical simulations of coalescence in two and three dimensions (Pritchett and Wu, 1979; Longcope and Strauss, 1994) ; however, this is a direct consequence of the high speed dynamical ows in the vicinity of the current layer in these resistive simulations. The only mechanism which could balance the increased magnetic pressure at the current layer is the dynamical pressure of the plasma ow. In the absence of resistivity, and the absence of ow, any local enhancement must be absent as well.
The equation for equilibrium, (3), requires that the current density, J = ?r 2 ? A, be constant along each eld line. In particular this must apply to the current density inside the layer. Since the current layer is an isolated maximum in the current density eld lines must remain within the current layer over the entire length 0 < z < L. Let us consider the form of the Jacobian matrix on one such eld line.
The intersection of the current layer with a plane z =const. will be an elongated region, . The dimension is often referred to as the width of the layer, while is its thickness. The long dimension of this region will make some angle, z , with the y axis. Transforming to perpendicular coordinates ( ; ) which are locally aligned with the layer yields 
The rotation, which actually diagonalizes the symmetric matrix r ? r ? A, transforms the narrow direction of the layer into so that
The magnetic eld lines inside the layer, = 0, twist about the origin at the rate ?@B =@ . In order for the current density to remain constant along these eld lines the layer itself must twist at exactly the same rate:
Comparing expressions (20) and (21) 
The upper right term vanishes identically due to relation (21), while the lower left term can be approximated by J according to (20) and (22). Since J is constant along the current layer the entire matrix becomes independent of z,
T '
This allows Eq. (23) to be easily integrated
The solution (26) represents the Jacobian matrix at the very center of an equilibrium current layer of density J. Passing now to the limit of vanishing layer thickness, ! 0, or equivalently of diverging current density, J ! 1, we are lead the conclusion that the Jacobian matrix of the eld line mapping diverges. This divergence occurs because J L is the derivative of a mapping which becomes discontinuous in the limit ! 0.
As we have already noted the initial magnetic eld, A 0 (x; y) induced a continuous eld line mapping with a bounded Jacobian matrix. Since the mapping induced by the nal magnetic eld, A 1 (x; y; z), must be the same it is not possible for the eld to have a current sheet. This is essentially the argument given by Van Ballegooijen (1985) to demonstrate that a continuous line-tied magnetic eld can not spontaneously develop current sheets.
The form of current layers
Even if the Jacobian matrix of the original mapping is bounded it is evident from Fig.  2 that it can become extremely large, especially near the cell boundaries. A large Jacobian matrix is the direct consequence of a severely distorted eld line mapping, and Fig. (2) shows how severely distorted this mapping can get. While expression (26) shows that a nite Jacobian matrix (required by initial conditions) prohibits an in nite current density, it also shows that a very large element in the in the same matrix naturally implies a very large current density, J. This relationship can be made rigorous.
At the cell boundaries 2 1 and it is possible to approximate the Jacobi elliptic function in Eq. , while for more unstable cases its value is much larger.
In simulations of the the full MHD system the magnetic eld does develop intense current layers with very large aspect ratio = (Longcope and Strauss, 1994) . Assuming these features are indicative of equilibrium current layers which would exist in A 1 (x; y; z) we can at least use some of their gross characteristics. The simulations show 0 = 0 and L = =2 where the sign of L is opposite to the sign of J. Using these values in Eq. (26) and equating the result to that from the initial mapping yields an approximate expression for the current density in the layer is the peak current density in the initial equilibrium. For axial lengths slightly above critical, say L=L cr = 4=3, this implies an ampli cation in current density of 10 5 . Furthermore, as the axial length increases the current density at the layer increases exponentially, ultimately becoming a true current sheet only in the two dimensional limit, L = 1. However, there is not much practical di erence between a genuine current sheet, J = 1, and a current layer with very large current densities.
The current layer treated above has large current density precisely because the eld line Jacobian J L is large. Figure 2 shows that such large values occur only within a very narrow region. The thickness of these layers can be estimated from the expression for the mapping. Let us return to the approximation for the mapping near the x axis given in Eq. (27 
which agrees with Eq. (29) up to a multiplicative factor. The potential paradox in this result is that the initial equilibrium, A 0 (x; y), appears to have only one perpendicular length scale, namely a. The equations of ideal MHD do not involve any other inherent length scales, and so cannot serve to introduce a new length scale to the nal equilibrium A 1 (x; y; z). Nevertheless, this equilibrium has features (current layers) with a length scale, , which is quite easily ve orders of magnitude smaller than a. It might seem that such a small scale represents a new physical process; instead it is merely the original length scale modi ed by a geometrical factor. In this case the geometrical factor is exponentially small. This exponential reduction in length scale results from the hyperbolic nature of the magnetic eld at the X-point.
In two dimensions current sheets develop at locations with topologically unique magnetic eld lines, such as the X-point. In the three dimensional line-tied version of this eld those same eld lines have lost their topological signi cance. It would thus appear that any eld line is equally likely to develop a current layer (Priest and Forbes, 1989 ). Here we see that this is not the case. Current layers form on those eld lines at which the eld line mapping has its largest gradients. In our equilibrium, A 0 , this distinction is held by the eld lines which correspond to X-points in two dimensions. However, this criterion is equally applicable to any line-tied magnetic elds, even those without symmetry.
Current layers from random photospheric motion
The thought experiment originally proposed by Parker (1972) is a more natural alternative to spontaneous current layer development considered thus far. The scenario begins at time zero with a magnetic eld which is uniform, A 0. Instead of holding each of the endplanes, z = 0 and z = L, xed for all time one of them, say z = L, has an imposed perpendicular velocity eld, v L ? (x; y; t). This velocity eld represents the photospheric turbulence which continuously twists and shears the footpoints of the coronal magnetic eld. Thus the function v L ? (x; y) should be random in space and time. Its spatial structure should, however, have a typical scale, the correlation length, which corresponds to a. At some time, t = , the velocity eld can be taken to zero and the ends held xed while the magnetic eld is allowed to nd a force-free equilibrium, A 1 (x; y; z).
The velocity at the footpoint should be incompressible to be compatible with reduced MHD. If it is not incompressible then very thin boundary layers, z a L, form near the endplanes (Zweibel and Li, 1987) . Outside of these boundary layers only the incompressible part of the footpoint motion is important. Adopting a strictly incompressible boundary motion we can write, 
the resulting magnetic equilibrium would be the one used as an initial condition in previous sections, A 0 (x; y). If, however, there is any noise present this unstable equilibrium will never form. What happens instead, as a magnetic eld evolves quasistatically through a neutrally stable equilibrium, is an interesting topic of study by itself (Finn et al., 1992; Longcope and Sudan, 1992) . Ultimately, however, the magnetic eld will settle into the same state, A 1 (x; y; z), with an intense current layer, that it did in the spontaneous scenario previously considered. This equilibrium is the MHD attractor when the magnetic eld line is constrained by the eld line 
where the rate of strain tensor is
This is formally similar to the expressions, (14) and (15), for integrating J L along a eld line.
While we had reason to assume that the eld line tangent matrix, T (z), had a highly anisotropic form, due to the presence of current layers, all expectation is that the random velocity eld arising from photospheric turbulence will be quite isotropic. Freely decaying two dimensional hydrodynamic turbulence does develop some very long vortex structures (McWilliams, 1984) . However, the two dimensional velocity eld used here, v L ? (x; y; t), is really a two dimensional projection of the three dimensional velocity eld from the thermal convection below; this will not have the same properties as freely decaying two dimensional turbulence. If v L ? (x; y; t) is locally isotropic then the typical anti-diagonalized form of should be
where v=a is the inverse eddy turnover time typical of the turbulent velocity.
The factor is either +1 or ?1 depending on whether the uid motion is locally hyperbolic or elliptic. In two dimensional incompressible turbulence both these cases occur; however, only in a hyperbolic ( = +1) region can J L grow rapidly. Integrating
Eq. (38) inside a hyperbolic region for a time and ignoring rotations and the time dependence of the coe cient , gives the form of the typical Jacobian matrix J L expf e g = cosh( ) I + sinh( ) e :
Here again the Jacobian matrix becomes exponentially large, this time after only a few eddy turnover times. One of the most longstanding questions in this problem is what the general form of a randomly stirred magnetic eld will be. Parker originally argued that current sheets would result from any form of footpoint motion (Parker, 1972; Parker, 1983) . This contention was later challenged (Van Ballegooijen, 1985; Antiochos, 1987; Zweibel and Li, 1987) , partly because it called for genuine current sheets, and partly because it was claimed to hold for even very small footpoint displacements. Nevertheless, numerical simulations of this process in the presence of resistivity, have shown that for randomly generated footpoint motions current layers are ubiquitous features in the magnetic eld (Longcope, 1993; Longcope and Sudan, 1994) . We will adopt this as evidence that an ideal equilibrium, A 1 (x; y; z), formed after random footpoint motions will have current layers.
Making the assumption that the equilibrium magnetic eld has current layers we can use Eq. (26) 
where we have restored the physical dimensions. This expression is similar to Eq. (34) from the previous section. In both cases the peak current is proportional to an exponential factor representing the shear in the eld line mapping. Here the shear builds up exponentially in time due to footpoint motion. In the previous section we started with an initial magnetic eld which was invariant in theẑ direction and constructed the mapping by integrating along the initial eld. In that case the shear builds up exponentially along the invariant direction. These represent two conceptual ways of generating a eld line mapping. The stable MHD equilibrium consistent with a given mapping will have current layers with magnitude proportional to shear regardless of how the mapping was generated. This exponential growth of current in time, as a result of footpoint motion, has been observed before, in both analytical (Van Ballegooijen, 1985; Longcope and Sudan, 1992) and numerical (Mikic et al., 1989; Strauss, 1993) models. It appears here for similar reasons, namely that locally hyperbolic uid ow distorts the magnetic eld in an exponential fashion. A current density of the magnitude shown in Eq. (42) requires a layer thickness, a e ? v=a ;
where we have assumed the typical perpendicular eld strength is B (a=L)B 0 . If the footpoint motion takes place in the presence of a very small resistivity, , then resistive di usion will become signi cant when q = . The time required for the current layer to become this thin is a v ln R M ; (44) where R M av= is the magnetic Reynolds number in terms of the footpoint velocity, v. This means that resistively relevant current layers will develop, and reconnection will occur, within several eddy turn-over times almost independent of what the resistivity is. This statement is essentially equivalent to the one rst proposed based on the assumption genuine current sheets (Parker, 1983) .
Discussion
The foregoing analysis has focused exclusively on the restrictions to ideal MHD implied by the constraints of line-tying. These constraints were used to rule out the spontaneous development of an ideal current sheet, by assuming a particular scenario whereby that current sheet would develop. In particular we have considered the case of the dynamical relaxation of a bifurcated MHD equilibrium. This scenario is known to occur in two dimensional cases with no line-tying (Rosenbluth et al., 1973; Longcope and Strauss, 1993) where it does indeed lead to current sheets. We have not, therefore, ruled out the development of current sheets in some way not involving bifurcated MHD equilibria. Lacking an expression for A 1 (x; y; z) we have limited our consideration to the neighborhood of a single eld line inside the supposed current sheet. To derive the eld line mapping in this neighborhood we considered a current layer with non-zero thickness, , and then later passed to the limit of zero thickness. Because each eld in this limiting procedure is continuous, it is possible to express its mapping as a power series, where the linear term contains the Jacobian matrix, J L . We have interpreted the divergence of this linear term as ! 0 to indicate that the mapping is discontinuous in that limit.
This procedure implicitly assumes an expansion for the eld line mapping about a single magnetic eld line inside the current layer. At the limit point, where this layer becomes a current sheet, such a eld line is not well de ned. Nor is it obvious how the equation for the mapping, (5), or for magnetic equilibrium, (3), can be interpreted at a point where B is discontinuous. However, in the foregoing work we have provided de nitions to each of these through our choice of the continuous elds in the limiting sequence. This de nition is an arbitrary one in as much as our choice of limiting sequence is not unique. To make our results a truly rigorous proof, rather than a physically plausible argument, it would be necessary to establish that our nal results, namely the discontinuity of the mapping when a current sheet is present, does not depend on the choice of limiting sequence.
At no point were the magnetic elds in the limiting sequence required to observe force balance. In fact the reduced equilibrium equation, Eq. (3), is necessary but not su cient for force balance; it is a single component in the curl of (r B) B. Indeed, since the magnetic pressure from the perpendicular eld vanishes at the center of the current layer there must be some additional pressure contribution to compensate. This would come from magnetic elds which enter Eq. (1) at the next order in the small parameter, a=L. These elds would change the eld line mapping, x L ? (x 0 ? ), by a factor a=L 1. Such a change could then be followed through the rest of our analysis, however, we believe that our conclusions regarding the thickness of the equilibrium current layer would not signi cantly e ected.
The absence of current sheets ultimately follows from the continuity of the eld line mapping and the requirement that the eld remain line-tied. If the initial magnetic eld line mapping were discontinuous, despite the assumed continuity of the initial magnetic eld, then there would be nothing to prevent the formation of current sheets along this discontinuity. The eld lines at this discontinuity form a separatrix, which is topologically distinct from the remainder of the eld.
There are several ways in which a continuous eld may have a separatrix. One is for the initial magnetic eld to possess genuine eld nulls, jBj = 0 (Greene, 1988; Lau and Finn, 1990) . Another is for a non-uniform potential eld to be line-tied to a conducting surface in a discontinuous manner. Such con gurations have been considered for arcade geometries (Low, 1987; Vekstein, 1991) and for elds originating in several isolated regions (Baum and Bratenahl, 1980) . Either of these are probably a better model of magnetic elds in an active region than Parker's initially uniform eld. Parker's model, however, shows that even without introducing small scales in the potential magnetic eld, these scales will arise rapidly through the turbulent velocity of the photosphere.
In two dimensional cases separatrices emerge from magnetic X-points. These are eld lines which exactly parallel the assumed symmetry direction. Lau and Finn (1991) considered such a case which also included line tying to a conductor. They considered a single conductor parallel toẑ, forming an arcade geometry. The presence of a separatrix lead to a discontinuity in the mapping of the eld lines. However, if the symmetry of the magnetic eld is even slightly perturbed, (before it is line-tied) the mapping becomes continuous, with a very thin region of steep gradients in place of the separatrix.
We chose to explore the nonlinear evolution of a bifurcated equilibrium in order to make contact with two dimensional results. In two dimensions this scenario is known to lead to current sheet development, and so it is instructive to explore the e ects of line-tying in this context. This also dictated our choice of initial equilibrium, A 0 (x; y), which in turn lead to the particular eld line mapping given by Eq. (7). One notable feature of this eld line mapping is that it contains several points of exponential stretching. These points correspond to the locations of the X-points in two dimensions and it is there that the current layers form. Indeed, the exponential magnitude of the Jacobian matrix, (28), is a direct consequence of this stretching.
In Sec. 5 we show that points of exponential stretching are generic to eld line mappings generated by complex photospheric motions. After this we make an assumption concerning the generic form of line-tied magnetic equilibria whose mapping features regions of exponential stretching: we assume that such an equilibrium will have current layers in general. The analysis from the previous sections, relating the layer thickness to the amplitude of the Jacobi matrix, applies locally to any cur-rent layer. Thus once we assume that a magnetic eld has a current layer we can immediately estimate the layer thickness, as we do in Eq. (43).
The assumption that current layers result from the eld line mapping makes the bifurcated equilibrium scenario completely super uous. It is irrelevant whether the eld line mapping arises from a nontrivial initial magnetic eld, as in Secs. 3 and 4, or from slowly distorting the boundary of an initially trivial magnetic eld, as in Sec. 5. Indeed we show how one particular eld line mapping can be generated in either way. The nature of our generalization is to apply the result of this particular mapping to the magnetic eld induced by all mappings. However, it should be noted that there is some indication from numerical simulations (Longcope, 1993; Longcope and Sudan, 1994 ) that current layers are indeed generic features of magnetic equilibria generated by random photospheric motion.
The line-tied internal kink mode is an ideal, current driven instability similar to the coalescence instability considered above (Raadu, 1972; Strauss and Otani, 1988; Mikic et al., 1990) . Without line-tying this instability is known to develop a genuine current sheet (Rosenbluth et al., 1973; Park et al., 1980) . There has been some attempt to observe these sheets numerically in the presence of line-tying (Craig and Sneyd, 1990) . The arguments presented in this work can also be applied to the kink mode to show that genuine current sheets will not form. In fact, the initial magnetic eld, being cylindrical, will not have any eld lines with local X-point geometry. Thus the Jacobian matrix of the eld line mapping will increase linearly with L rather than exponentially. This will also diverge in the two dimensional limit, L ! 1, recovering the existence of current sheets, but not as quickly as our coalescence model, above. Thus one would expect that the intrinsic layer thickness in a saturated line-tied kink would not be as thin as we have found for the saturated line-tied coalescence. If this is the case it might be easier to resolve the layer numerically.
